A new angular momentum projection for systems of particles with arbitrary spins is formulated based on the Heine-Stieltjes correspondence, which can be regarded as the solutions of the mean-field plus pairing model in the strong pairing interaction G → ∞ limit. Properties of the Stieltjes zeros of the extended Heine-Stieltjes polynomials, of which the roots determine the projected states, and the related Van Vleck zeros are discussed. The electrostatic interpretation of these zeros is presented. As examples, applications to n nonidentical particles of spin-1/2 and to identical bosons or fermions are made to elucidate the procedure and properties of the Stieltjes zeros and the related Van Vleck zeros. It is shown that the new angular momentum projection for n identical bosons or fermions can be simplified with the branching multiplicity formula of U (N ) ↓ O(3) and the special choices of the parameters used in the projection. Especially, it is shown that the solutions for identical bosons can always be expressed in terms of zeros of Jacobi polynomials. However, unlike non-identical particle systems, the n-coupled states of identical particles are non-orthogonal with respect to the multiplicity label after the projection.
I. INTRODUCTION
The angular momentum projection or construction of many-body wavefunctions with definite total angular momentum from a set of single-particle product states has practical value in quantum many-body physics [1] [2] [3] . For a few particle systems, the Clebsch-Gordan (CG) coefficients, 3j symbols or Wigner coefficients, can be used straightforwardly for this purpose. However, with increasing particle numbers, the CG couplings become tedious and cumbersome because with increasing particle numbers, the number of intermediate angular momentum quantum numbers the are required to label different states with the same total angular momentum grows combinatorially. In practical applications, the projection technique of Löwdin has been one of the most popular [1] . This method uses the angular momentum projection operator to project a set of single-particle product states into states with definite total angular momentum, which requires solution of the eigenvalue problem of the projection operator matrix constructed from the relevant single-particle product states. In [3] , Biedenharn and Louck proposed the Wigner operator method that combines CG couplings with results from the theory of the symmetric groups. However, their method can only be worked out explicitly for n nonidentical particles of spin-1/2. In the case of the nuclear shell model, other procedures are used to construct states with definite total angular momentum quantum number J. One, called the M scheme, starts with single-particle product states with good total angular momentum projection and utilizes a simple subtraction procedure to extract states with good total angular momentum [4] , and another uses direct angular momentum couplings and is usually referred to as the J-coupled scheme for identical particles or the JT -coupled scheme when applied to a protonneutron system [5] . Alternatively, the projection operator constructed in terms of an integration of the product of the rotational group element and its matrix element (Wigner's D-function) of a given angular momentum over the Euler angles can also be used [2] , as or example, in construction of Elliott basis [6] of SU (3) ⊃ SO(3) and in the projected shell model calculations [7] . These methods can all be relatively easily implemented in computer codes designed for their respective purpose. Their drawbacks lie in the fact that much CPU time is needed when the dimension of the subspace spanned by the relevant single-particle product states is really large, especially when the projection operator is constructed in terms of an integration of the product of the rotational group element and its matrix element of a given angular momentum over the Euler angles is used because the WheelerHill integral involved is difficult to be treated accurately in the code.
Recently, it has been shown that the angular momentum projection may be realized by solving a set of Bethe ansatz equations [8, 9] . The purpose of this work is to show that the Bethe ansatz equations can be solved relatively easily from zeros of the associated extended Heine-Stieltjes polynomials from the Heine-Stieltjes correspondence [9] [10] [11] [12] [13] [14] . In Sec. II, we will revisit the Bethe ansatz method for the angular momentum projection. The Heine-Stieltjes correspondence related to the problem, together with properties of the Heine-Stieltjes polynomials and their electrostatic interpretation, will be studied in Sec. III. As an examples, the application to n nonidentical particles with spin-1/2 will be shown in Sec. IV, which is also related to the eigenvalue problem of the pure pairing interactions among valence nucleon pairs over a set of deformed Nilsson orbits, while applications to systems of identical bosons and fermions will be discussed in Sec. V. A brief summary will be given in Sec. VI.
II. THE BETHE ANSATZ METHOD FOR ANGULAR MOMENTUM PROJECTION
Let {J α µ ; µ = +, −, 0}, where α = 1, 2, · · · , n, be generators of the α-th copy of the SU (2) algebra, which satisfy the commutation relations:
and |j α , m α be the corresponding orthonormal basis vectors with angular momentum quantum number j α and quantum number m α of its third component. According to the Bethe ansatz method, one can write n-coupled state with total angular momentum J = α j α − k and M = J as
where |h.w. = n α=1 |j α , m α = j α is the SU(2) highest weight state satisfying J α + |h.w. = 0 for any α,
in which the parameters {ǫ α } can be any set of unequal numbers, and ζ is used to distinguish different n-coupled states with the same angular momentum J. Because (2) is the highest weight state of the angular momentum J, it should satisfy the condition
where J + = α J α + . By using the commutation relations (1), (4) requires that the Bethe ansatz equations (BAEs)
must be satisfied for i = 1, 2, · · · , k. It is clear that the multiplicity label ζ = 1, 2, · · · , d(n, k) in (2) is taken to be the label of different solutions {x (ζ) } of Eq. (5). It can be verified [8, 9] that the number of solutions d(n, k) of Eq. (5) equals exactly to the multiplicity in the reduction j 1 ⊗ j 2 ⊗ · · · ⊗ j n ↓ J, which can be calculated by
where
in which q = n i=1 µ i . From Eqs. (6) and (7), the multiplicity d(n, k) can be calculated recursively from d(n, 0) = 1.
Once the solutions {x
k } are obtained from Eq. (5), the n-coupled state with any M can be expressed in the standard way as
where |ζ; J, J) is given by Eq. (2). Because the uncoupled basis vectors {|j α , m α } are orthonormal, substituting (3) into (2), one can find that the unnormalized angular momentum multi-coupling coefficient is given by
where the condition n α µ α = k must be satisfied,
is the k × n-variable symmetric function, in which β µα α is the shorthand notation of taken µ α variables {β i1,α , · · · , β iµ α ,α } with i 1 = i 2 = · · · = i µα from {β 1,α , · · · , β k,α }, and
When n = 2 and k = 2, for example, we have
) (β 1 , β 2 ) = β 11 β 22 + β 21 β 12 , and S (2) (β 2 2 ) = β 12 β 22 . The normalized angular momentum multi-coupling coefficient is
in which the summation should be restricted by
In comparison to the traditional projection methods [1, 2, 4, 5] , the Bethe ansatz method for angular momentum projection is more efficient, which only needs to solve k-coupled algebraic BAEs. However, one must solve d(n, k)-dimensional matrix eigenvalue problem in the traditional projection methods. The dimension d(n, k) increases with the increasing of n and k in a non-polynomial way as shown in (6) . Therefore, the Bethe ansatz method for angular momentum projection is advantageous if there is a simple way to solve the BAEs (5).
III. THE HEINE-STIELTJES CORRESPONDENCE
It has been shown that the BAEs similar to those shown in (5) may be solved from zeros of the corresponding extended Heine-Stieltjes polynomials [9] [10] [11] [12] [13] [14] . Through the Heine-Stieltjes correspondence [9, 10] , for the BAEs (5), one may consider the following secondorder Fuchsian equation:
and V n−2 (x) is called Van Vleck polynomial [15] of degree n − 2, which are determined according to Eq. (13). Let {x i , i = 1, 2, · · · , k} be zeros of the extended HeineStieltjes polynomial y k (x), which are often called Stieltjes zeros. We may write
It is obvious that, at any zero x i of y k (x) , (13) results in the BAEs (5). Generally, we also have
Substituting (16) and (17) into (13), we have
By using the BAEs (5), (18) becomes
Eq. (19) shows that zeros {x
n−2 (x) related to the ζ-th extended Heine-Stieltjes polynomial y n−2 (x) can be expressed explicitly as
where c n,k is a constant depending on n, k, and the parameters ǫ α (α = 1, · · · , n). If ǫ α (α = 1, · · · , n) are chosen to be real, according to the Stieltjes results [15] , the electrostatic interpretation of the location of zeros of the extended Heine-Stieltjes polynomial y k (x) may be stated as follows. Put n negative fixed charges −j α at ǫ α for α = 1, · · · , n along a real line, respectively, and allow k positive unit charges to move freely on the two dimensional complex plane. Therefore, up to a constant, the total energy functional may be written as
The BAEs given in Eq. (5) imply that there are d(n, k) different configurations for the position of the k positive charges {x
, corresponding to global minimums of the total energy.
Similarly, let
which is now called Van Vleck charges related to the zeros of the ζ-th extended Heine-Stieltjes polynomial y
α (k) at positions ǫ α for α = 1, · · · , n along a real line, respectively, and allow one unit charge to move freely on the two dimensional complex plane. Eq. (20) provides n − 2 possible equilibrium positions {x (ζ) l ; l = 1, 2, · · · , n − 2} of the unit moving charge for the electrostatic system. Let
As shown in [16] , Λ(x) satisfies the Riccati type equation (25) in this case. The Van Vleck charges ρ α can be expressed as
There are a series of high order differential equations [16] for Λ(ǫ α ). For example, the lowest order one is
It seems that the solutions of Λ(ǫ α ) of Eq. (27) or from a series of high order differential equations can be used to determine Van Vleck zeros, and eventually solve the BAEs (5) as shown in [16] . It should be noted that the solutions of {Λ(ǫ α )} from those Riccati type equations only depend on the parameters {ǫ α } and {j α }, but do not explicitly depend on k and ζ. Therefore, the solutions of {Λ(ǫ α )} from those Riccati type equations are numerous. One should try to search for a set of solution {Λ(ǫ α )} corresponding to specific k and ζ from solutions with all possible k and ζ obtained from Eq. (27) , which explains why the other expressions of {Λ(ǫ α )} in terms of symmetric functions of {x 1 , · · · , x k } should also be used to solve the problem [16] .
In order to avoid the previous mentioned ambiguity, in the following, we insist on using the method outlined in [10] . We write
where {a j } and {b j } are the expansion coefficients to be determined. Substitution of (28) into (13) yields two matrix equations. By solving these two matrix equations, we can obtain the solutions of {a j } and {b j } for given k.
Since there is freedom to choose the parameters {ǫ α ; α = 1, · · · , n}, we find the following parameter settings to be a simple and convenient choice due to the fact that there is an additional reflection symmetry in (5):
when n = 2p, and
when n = 2p + 1. With such a choice, in addition to the S k permutation symmetry among indices i = 1, · · · , k of {x 1 , · · · , x k }, the Stieltjes zeros {x i } have the following additional reflection symmetries:
(ii)When n is even, there are many sets of solutions with
when k is odd. When n is odd, there are many sets of solutions with
Solutions satisfying property (ii) are selfreflectional. Property (i) is strong, namely such pairs of solutions always exist, which is obvious with the substitutions of x i with −x i in Eq. (5) for i = 1, · · · , k. However, property (ii) only applies to a subset of solutions, namely there are other sets of solutions which may not follow property (ii). One can verify that the substitution of
for k odd into Eq. (5) indeed yields k consistent equations when n is even, which implies that
for k odd is possible solutions when n is even. For odd n cases, self-reflectional solutions only exist when k is even. Because the parameters chosen satisfy the interlacing condition ǫ 1 < · · · < ǫ n , zeros of y k (x) may be arranged to satisfy the interlacing condition, Re(
Re(x i ) lies in one of the n − 1 intervals (ǫ 1 , ǫ 2 ), · · · , (ǫ n−1 , ǫ n ), in which the equality is only possible when the adjacent zeros are complex conjugate with each other. When two zeros are conjugate with each other with
, it is obvious that Re(x i ) and Re(x i+1 ) are in the same interval (ǫ α , ǫ α+1 ). The number of different such allowed configurations gives the possible solutions of y k (x) and the corresponding V n−2 (x). Therefore, these properties are much helpful to simplify the problem and in search for solutions of (5).
IV. APPLICATION TO SYSTEMS WITH NONIDENTICAL SPIN-1/2 PARTICLES
Generally, the Bethe ansatz method for angular momentum projection with the Heine-Stieltjes correspondence shown in previous sections can be applied to construct state with definite angular momentum from a set of uncoupled single-particle states of both nonidentical-and identical-particle systems. Because identical-particle systems have additional permutation symmetries, namely symmetric among identical bosons or antisymmetric among identical fermions with respect to the single-particle coordinate permutations, the procedure outlined in previous sections can be simplified. Such simplifications and applications will be shown in the next section. In this section, we only focus on a nonidenticalparticle case, in which we strictly follow the method described previously because no further simplification can be made for nonidentical-particle systems.
As the simplest but nontrivial example, we consider n nonidentical particles of spin-1/2, which was previously studied by Louck and Biedenharn using the pattern calculus with the Yamanocchi symbol of an irrep of S n as the upper pattern used to label the outer multiplicity of SU (2) × · · · × SU (2) ↓ SU (2), and the SU (2) basis of the same irrep as the lower pattern [3, 17] . This is the only case that can be solved analytically by using the Wigner operator method. However, as shown in [3] , the construction of coupled state with definite angular momentum for nonidentical particles of arbitrary spin can never be expressed analytically by using the pattern calculus, principally because of unsolved problems relating to the upper patterns. Specifically, by using the pattern calculus, the n-coupled state with total angular momentum J of spin-1/2 system may be written as [3, 17] 
where (i 1 · · · i n ) with i s = 0 or 1 for s = 1, · · · , n, is used as the multiplicity label, the sum should be restricted with k i = 0 or 1 for i = 1, · · · , n, and the expansion coefficient
should be calculated consecutively with
(33) Though the expression of the expansion coefficients shown by (32) is analytic, the evaluation of (32) according to the rules shown in (33) is still cumbersome, especially the coefficients for many permissible upper patterns (i 1 · · · i n ) that may lie in the null space are zero, which, however, can not be ruled out beforehand. This is the main drawback in using the upper pattern to resolve the outer multiplicity problem of unitary groups [18] . In contrast, roots of the BAEs (5) provide with all possible coupled states with the same angular momentum J as shown by (2) and (3), which are mutually orthogonal with respect to the multiplicity label ζ. Solutions of (5) can be obtained from Eq. (13) with the explicit expressions shown in (28). Moreover, the new angular momentum projection method outlined in Sec. II is not restricted to systems consisting of particles with the same spin, but can be applied to systems consisting of particles with arbitrary spins.
The above example is closely related to the construction of eigenstates of the pure pairing Hamiltonian in the deformed Nilsson basis witĥ
where (2) , any allowed total quasi-spin S and M S = S state of p pairs over n Nilsson levels can be written as
with p = n − t pairs, where N is the normalization constant defined by (12) ,
2 is the product of n copies of local state with highest weight of quasi-spin-1/2, and
in which the parameters {ǫ µ } can be any set of unequal numbers, and ζ is used to distinguish different ncoupled states with the same quasi-spin S. The variables {x
for i = 1, 2, · · · , t. It is clear that the multiplicity label ζ = 1, 2, · · · , d(n, t) in (37) is taken to be the label of different solutions {x (ζ) } of Eq. (37). It can be verified that the number of solutions d(n, t) of Eq. (37) equals exactly to the multiplicity in the reduction j 1 ⊗ j 2 ⊗ · · · ⊗ j n ↓ J with j l = 1 2 for 1 ≤ l ≤ n, which can be calculated from Eq. (6) with
for this case, in which q = n i=1 µ i . From Eqs. (6) and (38), the multiplicity d(n, t) can be calculated recursively with d(n, 0) = 1, which indicates that there are d(n, t) different states with the same quasi-spin S = n/2 − t. For this case, there is a closed form of d(n, t) with
which equals exactly to the dimension of the irrep [n−t, t] of the permutation group S n [3, 19] and is consistent with the result obtained from Eqs. (6) and (38). In this case, c n,k in the Van Vleck polynomials (21) can be obtained in solving the corresponding Fuchsian equation (13) with
Finally, the state with quasi-spin S and any M S can be expressed as
for the system with p = n/2 + M S pairs. 
In order to demonstrate the method and properties of the zeros outlined in previous sections, in the following, we display results of the method for relatively simple cases with n = 8, t = 1, 4 and n = 7, t = 2, 3 as examples of even and odd n case, respectively. The multiplicities d(8, t) with 0 ≤ t ≤ 4 and d(7, t) with 0 ≤ t ≤ 3 are listed in Table I . With parameters {ǫ α } chosen according to (29) and (30), we find there are exactly d(n, t) different solutions for given n and t as shown in Table II t (x) indeed lies in one of the n−1 intervals (ǫ 1 , ǫ 2 ), · · · , (ǫ n−1 , ǫ n ). It is obvious that y Table  II , y (1) 4 (x), · · · , y (6) 4 (x) in Table III , and y Table IV are self-reflectional. While the solutions in most cases satisfy the reflection symmetry property (i). For example, y t (x) obtained from Table II-V, one can verify that the eigenstates (41) are mutually orthogonal with respect to the multiplicity label ζ: Once the eigenstates (41) of (34) are obtained, the results can be used for constructing eigenstates and calculating eigenvalues of any mean-field plus pairing model by using the progressive diagonalization scheme as shown [19] . Furthermore, Eqs. (5) and (37) can be regarded as the same BAEs [20] in determining solutions of the mean-field plus the paring model in the strong pairing interaction G → ∞ limit by replacing the parameters {ǫ α } with {2ε α }, where {ε α } are single-particle energies in the corresponding orbits of the mean-field [9] .
V. APPLICATION TO IDENTICAL-PARTICLE SYSTEMS
Classification and construction of identical-particle states for a given angular momentum quantum number are fundamental, especially in nuclear structure theory. n-coupled states of l-bosons can be constructed as the basis vectors of symmetric irreducible representations of U (2l + 1) ⊃ O(2l + 1) ⊃ O(3) as shown in [21] [22] [23] , while those of j-fermions can be constructed as the basis vectors of antisymmetric irreducible representations of U (2j + 1) ⊃ Sp(2j + 1) ⊃ O(3) as shown in [24, 25] . The Bethe ansatz method for angular momentum projection with the Heine-Stieltjes correspondence shown in previous sections can also be applied to construct states with definite angular momentum from a set of uncoupled single-particle product states for identicalparticle systems, which can be done as follows: Firstly, we solve the BAEs (5) for non-identical particle systems with the same spin, and then to construct the coupled state (2) . Once the coupled state (2) is expanded in terms of single-particle product states, we take all particles to be identical, which is called assimilation. For identical-fermion systems, the Pauli principle forbidden single-particle product states will be automatically ruled out after the assimilation. Because of the additional permutation symmetry with respect to the single-particle coordinate permutations, the procedure outlined in previous sections can be simplified. In this section, we will show how the the procedure is taken.
(1) Identical bosons Let the single-particle states of boson with angular momentum l be |l, m ≡ |m with m = −l, −l + 1, · · · , l. According to (2) , n-coupled state with total angular momentum
where |h.w. = n α=1 |m α = l is the highest weight state,
in which the parameters {ǫ α } can usually be any set of unequal numbers, and L α − is the angular momentum lowering operator only acting on the α-th copy of singleparticle state, and L + = α L α + , similar to the nonidentical particle case. The corresponding BAEs is for i = 1, 2, · · · , k. By substituting the solutions {x i } of (45) into (43), (43) gives final result after assimilation. It can be easily proven that the n-coupled state with
due to the fact that these bosons are identical, (43) becomes
which is zero because (43) with L = 2l − k may be calculated in the following way: Let P n (k) be number of different n-partitions of the integer k with k = n i=1 ξ i , where 2l ≥ ξ 1 ≥ ξ 2 ≥ · · · ≥ ξ n ≥ 0. Then, the number of linearly independent states shown in (43) for l-bosons D B (n, k) = P n (k) − P n (k − 1), which gives the multiplicity of given L = nl − k in the reduction U (2l + 1) ↓ O(3) for the symmetric irreducible representation [n,0] of U (2l + 1). Generally, D B (n, k) is far less than d(n, k) shown in (6) for non-identical particles. Therefore, for given L, n-coupled states (43) obtained from solutions of (45) are over-complete for identicalparticle systems when k ≥ 2. Actually, (43) obtained from different solutions of (45), up to a normalization constant, are all the same when D B (n, k) = 1. When D B (n, k) ≥ 2, the solutions (43) are not orthogonal with respect to the multiplicity label, and many solutions of (43) can be expressed by a linear combination of other solutions of (43).
Simplification can be made to overcome such complexity mainly because there is a freedom to choose the parameters {ǫ α } in (44). When D B (n, k) = 1, we set
when n = 2p + 1. With such choice, Eq. (45) becomes 2l(p + r)
for i = 1, 2, · · · , k, where r = 0 when n = 2p and r = 1 when n = 2p + 1, which are exactly the Niven equations for zeros of the Jacobi polynomial P
There is only one set of zeros of (51) which is sufficient for (43) when D B (n, k) = 1. Therefore, (43) with zeros of the Jacobi polynomial P When D B (n, k) ≥ 2, we have many ways to set the parameters {ǫ α }. The simplest way is to choose the twovalue parameterization with ǫ α1 = ǫ α2 = · · · = ǫ αr = −1 and the rest parameters ǫ β = 1 when β = α i for i = 1, 2, · · · , r. Obviously, there are 2 n − 2 different ways of such parameterization, from which one can choose D B (n, k) of them. Zeros of the corresponding Jacobi polynomial can be used to obtain the final results from (43). It seems that D B (n, k) ≤ 2 n − 2 is always satisfied for n ≥ 2 though we are unable to prove this inequality in general. Therefore, the above two-value parameterization seems sufficient to resolve the multiplicity. 
In this case, the final coupled states (53) and (54) are not orthogonal with respect to the multiplicity label ζ, namely ζ = 1|ζ = 2 = 0. In order to be orthonormalized, the Gram-Schimidt process may be adopted.
More complicated parameterizations are always possible. For example, we can also set
where the integer p can arbitrarily be chosen. Thus, the BAEs (45) become 2lp This example shows that coupled states with zeros of other polynomials can indeed be expressed as linear combinations of the chosen two due to the overcompleteness.
(2) Identical fermions
Let the single-particle states of fermions with spin j be |j, m ≡ |m with m = −j, −j +1, · · · , j. Unlike identical bosons, we have verified that the parameters {ǫ α } must be a set of unequal numbers for identical fermions. Initially, we need to solve BAEs (5) for non-identical particles with the same spin j α = j for α = 1, 2, · · · , n. After (2) is expanded in terms of the single-particle product states, we then take all particles to be identical. The Pauli exclusion will automatically rule out any forbidden single-particle product states after such assimilation. The result of (2) gives final coupled state with total angular momentum J = nj − k and M J = J. However, the two-value parameterization schemes for identical bosons shown previously can not be used for identical fermions mainly because the single-particle product states are totally antisymmetric with respect to permutations among different single-particle states. As a consequence, the coupled state is zero if one choose any two-value parameterization scheme in {ǫ α } for identical fermions.
Similar to identical bosons, the number of linearly independent states obtained from (2), D F (n, k), can be calculated as follows: Let Q n (k) be number of different n-partitions of the integer k with k = n i=1 ξ i , where 2j + 1 − n ≥ ξ 1 ≥ ξ 2 ≥ · · · ≥ ξ n ≥ 0. Then, the number of linearly independent states obtained from (2) for j-fermions, D F (n, k) = Q n (k) − Q n (k − 1), which gives the multiplicity of given J = nj − k in the reduction U (2j + 1) ↓ O(3) for the antisymmetric irreducible representation [1 n ,0] of U (2l + 1). Generally, D F (n, k) is far less than d(n, k) shown in (6) for non-identical particles. Therefore, (2) obtained from solutions of (5) are also over-complete. Similar to identical bosons, one only needs to choose D F (n, k) solutions of (5) . When the parameters {ǫ α } are chosen according to (29) or (30), the coupled state (2) satisfies the symmetry
Therefore, only one of reflectional symmetry pair of Stieltjes zeros should be considered.
In the following, we take n = 3 j = 9/2 identical fermions as examples. In this case, there is only one coupled state with J = M J = 17/2 (k = 5), for which there are 6 extended Heine-Stieltjes polynomials as shown in Table VII , which clearly shows that y 
up to a normalization constant after assimilation. Since D F (3, 9) = 2 for j = 9/2 identical fermions, J = 9/2 should occur twice. While there are 10 extended Heine-Stieltjes polynomials as shown in Table TABLE VIII: The extended Heine-Stieltjes Polynomials y (ζ) 9 (x) for J = 9/2 coupled states of n = 3 j = 9/2 identical fermions with {ǫ1 = −1, ǫ2 = 0, ǫ3 = 1}.
The extended Heine-Stieltjes Polynomials y VIII, which shows that y
9 (x) = y
9 (−x), y
9 (x) = y (x) = y (9) 9 (−x), we only need to choose 2 of them to get the coupled states according to (2) . The coupled state with y Then, other 3 coupled states corresponding to y (5) 9 (x), y (7) 9 (x), y (9) 9 (x), respectively, can be expressed as linear combinations of |χ = 1 and |χ = 2 .
VI. SUMMARY
In summary, a new angular momentum projection for many-particle systems is formulated based on the HeineStieltjes correspondence, which can be regarded as the solutions of the mean-field plus the paring model in the strong pairing interaction G → ∞ limit [9] . With the special choice of the parameters {ǫ α }, the solutions of the associated BAEs are simplified because of the additional reflection symmetries. Properties of the Stieltjes zeros and the related Van Vleck zeros are discussed. The electrostatic interpretation of these zeros are presented. As an example, the application to n nonidentical particles with spin-1/2 is made to elucidate the procedure and properties of the Stieltjes zeros and the related Van Vleck zeros. It is clear that the new angular momentum projection can be used for nonidentical-particles with arbitrary spins. It is shown that the new angular momentum projection for identical bosons or fermions can be simplified with the branching multiplicity formula of U (N ) ↓ O(3) and the special choices of the parameters used in the projection. Especially, it is shown that the coupled states of identical bosons can always be expressed in terms of zeros of Jacobi polynomials. However, unlike non-identical particle systems, the coupled states of identical particles are non-orthogonal with respect to the multiplicity label after the projection. In order to establish orthonormalized coupled states for identical particles, the GramSchimidt process may be adopted. It will be advantageous in the application, for example, to the shell model calculations if matrix elements of one-and two-body operators under the angular momentum projected basis can be calculated easily, which seems possible as shown in [26] where explicit expressions for the expectation values of one-and two-body operators in the mean-field plus pairing model were obtained, of which the relevant research is in progress.
One 
